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5, If some of the elements iln the first column are negative, the number of roots

' with 2 positive real part (in the right half plane) is equal to the number of sign
changes in the first column.

3, If one pair of roots is on the imaginary axis, equidistant from the origin, and

41l other roots are in the left half plane, all the elements of the nth row will

vanish and none of the elements of the preceding row will vanish. The location

of the pair of imaginary roots can be found by solving the equation

Cs? + D=0
where the coefficients C and D are the elements of the array in the (n — [)th

row as read from left to right, respectively. We shall find this last rule to be of
value in the root-locus method presented in the next chapter.

(14.10)

The algebraic method for determining stability is limited in its usefulness in
hat all we can learn from it is whether a system is stable. It does not give us any
idea of the degree of stability or the roots of the characteristic equation. /

Example 14.2. Given the characteristic equation
{433 +552+4s+2=0

determine the stability by the Routh criterion.
Since all the coefficients are positive, the system may be stable. To test this,

form the following Routh array:

Row
1 1 5 2
2 3 4
3 1 %
4 261 0
5 2

The elements in the array are found by applying the formulas presented in the rules;
for example, by, which is the element in the first column, third row, is obtained by

ajaz — aopas

by = =

or in terms of numerical values,

By = 3)5) —(H) _ 15 w4 11
0 3 3 3 3

Since there is no change in sign in the first column, there are no roots having positive

real parts, and the system is stable.

a pol - the appendix of Chap. 15, a BASIC program for computing the roots of
ynomial equation is given.
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Example 14.3

LINEAR CLOSED-1LOOP SYSTEMS

e L= ,l; determine the values of g ¢
41 is stable. (b) For the value of K for whig

. (a) Using 71 = !
determine the roots of the characteri“,
. IC

which the control system in Fig. Y
the system is on the threshold of instability,

equation with the help of Theorem 3.
ristic equation 14+ G(s) = 0 becomes
. e _==D

L+ ST D62 + UlB) + 1]
) the Routh test gives

Solution. (@) The characte

ation for use it

rangement of this equ
24 11s+6(1+Ke)=0 (14.1,
/

s3 + 65

Rear

The Routh array is

] I

6 6(1 + Ke)
10 - K¢
6(1 + K¢)

L0 D —

Since the proportional sensitivity of the controller (K ) is a positive quantity,
we see that the fourth entry in the first column, 6(1 + K .), is positive. According to

Theorem |1, all the elements of the first column must be positive for stability; hence
10-K.>0
K. <10

It is concluded that the system will be stable only if K. < 10, which agrees with

Fig. 14.2.
(b) At K, = 10, the system is on th
the nth (third) row of the array is zero. According to Theorem 3, the locati

imaginary roots is obtained by solving
Cs’+D =0

e verge of instability, and the element in
on of the

where C and D are the elements in the (n — 1)th row. For this problem, with Kc =10,

we obtain

65> +66 = 0
5= =M
Therefore, two of the roots on the imaginary axis are located at /11 and — J
The third root can be found by expressing Eq. (14.11) in factored form
(s =s1)(s — s2)(s —53) =0 (14-12
= j

;:']}:Jerfz 5_,_, 5—2,.3[}&&3-&1'6 the roots. Introducing the two imaginary roots (51
s = —Jj VI11)into Eq. (14.12) and multiplying out the terms give

3
2= 5352+ 1s = 11s3 = 0
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&

\h
), we see that §3 = —6. The roots ‘-

\/ﬁ,m: —J m,and33= =@, &

Comparing this equation with Eq. (14.11
of the characteristic equation are therefore ¢ 1=j

pxample 14.4. Determine the stability of the system shown in Fig. 14.1 for which
2 PI controller is used. Use 7 = [, 7, — $om = L Ke =5, and 7 = 0.25.

Solution. The characteristic equation is
Ke/mmm)(ms + 1) 4
7sts + (UT)ls + (Ump)[s + (/)]

Using the parameters given above in this equation leads to

st + 653 + 11s? + 365 + 120 = @

Notice that the order of the characteristic e

quation has increased from three to four
as a result of adding integral action to the

controller. The Routh array becomes

Row |
1 1 11 120
2 6 36
3 5 120
4 - 108
5 120

Because there are two s gn changes in the first column, we know from Theorem 2 of
the Routh test that two roots have positive real parts. From the previous example we

know that for K ¢ = 5 the system is stable with proportional control. With integral
action present, however, the system is unstable for K, = 5.

ngJ{\JIII)VIARY AND GUIDE FOR FURTHER
Y

A definition of stability for a control system has been presented and discussed.
1 definition wqg translated into a simple mathematical criterion relating stability
' the location of roots of the characteristic equation. Briefly, it was found that a
o] System is stable if all the roots of its characteristic equation lie in the left
}r]c?(l){o“he complex plane. The Routh criterion, a simple algebraic test for detectingl
andsaof 4 polynomial lying in the right half of_ the cpmpl.ex plane, was presented
imita?-ph‘:d o control] system stability analysis. Th_ls criterion s:uffers fron} t\tvccw
equati10ns: (1) It is applicable only to systems with polynom:z}l crmmc;tcmlt
008, and (2) iy gives no information about the actual location of the roots
v In Particular, thej, proximity to the imaginary axis. . o the
Tesyly IS Tatter point is quite important,. as can be seen from Flg.fl4.,:, Tm< o
the ¢ Xample 14.3. The Routh criterion tells us only that 'olr -
Ystem i Stable. However, from Fig. 14.2 it is clear that the value K

.-
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174 LINEAR CLOSED-LOOP SYSTEMS

produces a response that is undesirable l_)ecause it has a response time that jg
long. In other words, the controlled vunab]c? oscillates too long before mlllrn'[m
to steady state. It will be shown later that this happens because for K.=yg thng
e . e i
is a pair of roots close to the imaginary axIs. N
In the next chapter tools will be developed for obtaining more infor

- ot . n]m]’()
about the actual location of the roots of the characteristic equation, Ty, , "

. . X is will
enable us to predict the form of the curves of Fig. 14.2 for various Valugs
K. The advantage of these tools is that they are graphical and are easy 1, appl

compared with standard algebraic solution of the characteristic equatiop_

There are two distinct approaches to this problem.: root-locus methog |,
frequency-response methods. The former are discussed in Cha.p. 15 and the latte;
in Chaps. 16 and 17. These groups of chapters are written I parallel, anq y,
reader may study one or both groups in either order. As a guide to making
decision, here are some general comments concerning the two approaches.

Root-locus methods allow rapid determination of the location of the rgy,
of the characteristic equation as functions of parameters such as K. of Fig, 14 |
However, they are difficult to apply to systems containing transportation lags,
Also, they require a reasonably accurate knowledge of the theoretical process
transfer function.

Frequency-response methods are an indirect solution to the location of
roots. They utilize the sinusoidal response of the open-loop transfer function 1
determine values of parameters such as K. that keep these roots a “safe distance”
from the right half plane. The actual transient response for a given value of
K, can be only crudely approximated. However, frequency-response methods arc
easily applied to systems containing transportation lags and may be used with
only experimental knowledge of the unsteady-state process behavior.

A mastery of control theory requires knowledge of both methods because
they are complementary. However, the reader may choose to study only frequency
response and still be adequately prepared for most of the material in the remainder
of this book. The choice of studying only root locus will be more restrictive in
terms of preparation for subsequent chapters. In addition, much of the literature
on process dynamics relies heavily on frequency-response methods.

PROBLEMS
14.1. Write the characteristic equation and construct the Routh array for the contrel

system shown in Fig. P14.1. Is the system stable for (a) K. = 9.5, (b) K¢ =
11, (c) K, =127

R 2 K. - 1

- (s+1)(0.55 1) —>C

[ = ]

s+3 | °

FIGURE P14-1
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14.6.

14.7.

14.8,

R Kc(l+%) ™K, =1— 2

. By means of the Routh test, determine the stabil
. In the control system of Prob, 13.6, determine the va

. Prove that, if one or more of the coefficients (ag, ay,

stapiLry 175

0.26°+04s+1 [

FIGURE P14-2

ity of the system shown in Fig.
P14.2 when K. = 2,
lue of gain (psi/° F) that just
= 0.25 min, (b) 7p = 0.5 min.
., ap) of the characteristic
equation [Eq. (14.9)] is negative or zero, then there is necessarily an unstable root.
Hint: First show that ay/ag is minus the sum of all the roots, aj/ag is plus the
sum of all possible products of two roots, ajl/ag is (—1)7 times the sum of all
possible products of j roots, etc.
Prove that the converse statement of Prob. 14.4, i.e., that an unstable root implies
that one or more of the coefficients will be negative or zero, is untrue for all n > 2.
Hint: To prove that a statement is untrue, it is only necessary to demonstrate a
single counterexample,

Deduce an extension of the Routh criterion that will detect the presence of roots
with real parts greater than —o for any specified o > 0.

Show that any complex number s satisfying | s | < 1 yields a value of

causes the system to be unstable if (a) 7,

_ 1+
¢ = l—s

that satisfies
Re(z) >0

(Hint: Let s = x + jy;z = u + jv. Rationalize the fraction, and equate real and
imaginary parts of z and the rationalized fraction. Now consider what happens to
the circle x2 + y2 = 1. To show that the inside of the circle goes over to the right
half plane, consider a convenient point inside the circle.)

On the basis of this transformation, deduce an extension of the Routh crite-
rion that will determine whether the system has roots inside the unit circle. Why
might this information be of interest? How can the transformation be modified to
consider circles of other radii?

Given the control diagram shown in Fig. P14.8, deduce by means of the Routh
criterion those values of 7; for which the output C is stable for all inputs R and U.

Ta8t] u
R—03 1 ¥, . > C
X T + (rja+1)(m8t1)
e+l FIGURE P14-8
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186  LINEAR CLOSED-LOOP SYSTEMS

(This term accounts for both poles of the complex pair.) This term is merely the

result of simplifying the sum
1

s—a;— jbi

|
N s—a; + jbi

For a pair of complex zeros, add a similar term to the left side of Eq. (15.16).

RULE 6. ANGLE OF DEPARTURE OR APPROACH. There are ¢q loci emerging
from each gth-order open-loop pole at angles determined by .

6 = = 2k + D + ZA(Pa — i)~ ZZW’” _pf)}
q J=1 (15.17)

i=1
j¥a

k=0,1,2,...,qg—1

where p, is a particular pole of order g. Each of the m loci that do not approach
the asymptotes will terminate at one of the m zeros. They will approach their

particular zeros at angles

1 n m
6 = —{(Zk + D7 + § A(zp — pj) — E X(zp — Zi)}
Vv . P
ji=1 ;;}7 (15.18)

k=012,...,v—1

where z,, is a particular zero of order v. For simple poles (or zeros) on the real

axis, the angle of departure (or approach) will be 0O or 7r.

An analog from potential theory is useful in plotting a root-locus diagram. It
may be shown that the loci correspond to the paths taken by a positively charged
particle in an electrostatic field which is established by poles (positive charges)
and zeros (negative charges). In general, we may expect a locus to be repelled OY
a pole and attracted toward a zero.

Another general aid to plotting the loci is to be aware of the fact that fof
n—m = 2, the sum of the roots (r|+r, + - - “+r,) is constant, real, and indepe™
dent of K. This requires that motion of branches to the right be countcrbalam‘t‘d
by the motion of other branches to the left.

Most of the open-loop transfer functions encountered in single-loop chemic?
process control systems will have all their poles on the real axis. In c,\'CCP‘i““"lF
cases where the fgcdback path includes second-order measuring elements, such
a pressure transmitter, the open-loop transfer function will contain complex P>
but very often they will be located so far from the remaining dominant poles that

they can be ignored. .
These rules and guides will now be explained by applying them t0 spccum

examples.

I 1T
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J| ¢

/
,F« J11=3.32

12

+2
P T Su—
(s+1)(s+2)(s+3)

-

FIGURE 15-5

Root-locus construction for Example 15.1.

Example 15.1. Plot the root-locus diagram for the open-loop transfer function:*

G,___,_L,_—
S G+ D+ T

w the same order in which the rules

In general, our stepwise procedure will follo

were presented.
oles are indicated by X,

s as shown in Fig. 15.5a. The p
this example.

there are three branches.

xis between —1 an

1. Plot the open-loop pole
There are no open-loop Z€ros for

2. (Rule 1) Since we have three poles,
3. (Rule 3) A portion of the locus is on the real a

another portion is t0 the left of —3.

d —2 and

ical procedure for plottin
o the steps given in the solution.

*
To grasp more easily the graph
ethods at the beginning of this ¢

5’01 these examples according t
xample that was treated by algebraic m

hapter.
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188 LINEAR CLOSED-LOOP SYSTEMS

4. (Rule 4) Since n —m = 3, we have three asymptotes and the center of graviy
isy=(-3-2-D3= —2. Angles which the asymptotes make with the
axis are /3, 37/3, and 57/3. These asymptotes are shown in Fig. 15,54,

With these few steps comnleted, a rough sketch of the roqt-locus diagrap,
can be made as follows: Since the real axis to the left of —3 is an asympyq,,
and one branch emerges from the pole at =3, it should be clear that one eNtire
branch is the real axis to the left of the —3. Furthermore, from the fact that two
loci must emerge from the poles —1 and —2 and that the real axis between these
poles is part of the locus, we see that two loci move toward each other alop,
the real axis between —1 and —2 and eventually meet at some common poip
Since the location of the asymptotes is known, it is therefore necessary that the
two loci that meet on the real axis must break away and eventually follow the
asymptotes. From these observations, we could sketch a rogt-locus diagram thyy
closely resembles that of Fig. 15.5¢. If the breakaway point and the crossings
of the imaginary axis were known, the sketch could be made with considerable
accuracy. We now continue the example by applying Rule 5 to find the breakaway
point and the Routh test to find the crossings of the imaginary axis.

5. Breakaway point. (Rule 5) The roots emerging from —1 and —2 move toward
each other until they meet, at which point the loci leave the real axis at angles
of +m/2. The breakaway point is found from Eq. (15.16) as follows

Ieg|

1 1 1
0= + +

s =Pl S = P2 S—P3

or

| 1 1
+ -
s+ 1 s+ 2 s+ 3

0=

Solving this by trial and error gives
s = —1.42

6. To find the points at which the loci cross the imaginary axis, the Routh test
(theorem 3) of Chap. 14 may be used. Writing the characteristic equation [ t
KN = 0 in polynomial form gives

D+KEN=(+Is+2)(s+3)+K =0
or

A+6s2+1ls+K+6=0

from which we can write the Routh array:

Row l

1 | 11
2 6 K+6
3 b

_—
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The theorem states that, if ope P
others in the left half plane, all
this we obtain for the element by

air of roots

are on the imaginary axis and all
e elements

of the nth oW must be zero, From

6)(11) —
by = OUD— (K +6) _ 0
6
Solving for K,

K =60

A root on the imaginary axis is expressed as sim

! ply ja. Substituting s = j 4 and
K = 60 into the polynomial gives ¢ ’

—ja* —6a® + 11aj + 66 = 0
(66 — 6a®) + (114 —a%j =0

-

Equating the real part or the imaginary part to zero gives
a==+JI1 = +3.32

Therefore the loci intersect the imaginary axis at +; /11 and —j J11.

- Having found these general features of the root-locus plot, we can sketch the root
locus. If it is desirable to have a more accurate plot of the loci, the construction
is continued by the trial-and-error method described earlier in this chapter.” To
illustrate the method of finding roots, suppose the trial point, s, = —0.75+1.5;
of Fig. 15.5b, is selected. This point is checked by the angle criterion [Eq.

(15.14), which for this example may be writtenA
X(s+ 1)+ X(s+2)+ X(s+3) = Qi + Drr
or
0, + 62+ 63 = (2i + Dmr
From Fig. 15.5b, these angles are found to be

6; = 81° 6, =51° 03 =34°

F

and we have

166° # (2i + D

Il

P4
81° + 51° + 34°

era] omputer software packages are now available for ploltin‘g the mo'[-vlocusCdcmill;il]“;n:]::

o the program CC is especially useful for root-locus plotting. Detm[zsonwm deviloned

i Packages are given in Appendix 34A (of Chap. 34). Evans (19.54,' '9. C')l.“Cd the Spirule.

~ocus mClhod,;produced an instrument for plotting root-locus dlillgrcvl]f:: b)" o lating an arm

TNle waq essentially a drawing instrument that was used l.o udd,aﬁomc s result of the ¥
Pect 10 4 disk. The Sprirule, which is no longer aV‘allilble, is now obs

'ty of computer programs for plotting root-locus diagrams.

o ——— ] - Na
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190  LINEAR CLOSED-LOOP SYSTEMS

izontally to the left will increase the sum of the ang|eg
gives for the sum of the angle h

~ —0.95+1.5]

Shifting the trial point hor
As a second trial point, s¢

88° + 56° + 37° P
r, which is 2i + Dm with i = 0, ang e
anner, more points on the Jogy

—181°=m

This result is sufficiently close to

accept the point as one on the locus. In this m
can be found and a curve drawn through them. '
Gain. To determine the gain at various poir?ts along the loci, the magnituge
criterion [Eq. (15.13)] is used. For example, if the gam.at s = —'0.95 +ls
(labeled s/ in Fig. 15.5b), is wanted, we measure the distances directly with 5

ruler; thus
|s—pi| =130
|s —p2| = 182
ls—p3|=2.52\

(It is important to measure the vector lengths in ‘units that are consistent with

those used on the axes of the graph.) _
Substituting these values into Eq. (15.13) gives
K ——t
(1.50)(1.82)(2.52)
6.8. To find the point corresponding to K =638

he left of p3 requires a trial-and-error solution
— —4.5 is tried, we obtain

or K = (1.50)(1.82)(2.52) =
on the branch along the real axis to t
if the graphical approach is used. For example, if §

|s —p1| =35
|s —p2| =25
|s=p3| =15

from which we get
K = (1.5)(2.5)(3.5) = 13.1

We see that s = —4.5 does not correspond to a gain of 6.8. It is therefore

?{ecfssglrgy.to tryiother values of s greater than —4.5 until the desired value of
Cal(—:_ula[‘iolss Obtam?d' Although this procedure may seem very tedious, the actual
n i FORN / ' .
opy go quite quickly as the reader will discover while working out this
We also may find the root : . :
following theorem from algebra: on; e dedleasis mare ditectly by appl

The sum of th . )
equation ¢ 1o0ts (1 + rp + *+* + ) of the th-order polynomid

g the

apgx” +alxn—l + v 4a, =0
is given by

(r1+r2+..,+rn)= _ﬂ

ao
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In this case, we have just found the complex roots for K = 6.8 (o be

ra,r3 = —095=* j1.5
The polynomial equation is .
(s + (s + 2)(s + N+ K

which can be expanded into

I
o

sV 4+ 652+ 115 + (K +6) = 0
According to the theorem
FUH(-0.95 4+ j1.5) + (=0.95 = j1/5) = —?
or . | ’
6 = —[ry — 2(0.95)]
or
ry = —4.10

All the detailed steps needed to plot the root locus for this problem have been

discussed. The complete locus is shown in Fig. 15.5¢. This same plot is also shown
in more detail in Fig. 15.2,

Example 15.2. Consider the block diagram for the control system shown in Fig.
15.6. This system may represent a two-tank, liquid-level system having a PID con-
troller and a first-order measuring lag. The open-loop transfer function is

1+ 2s/3 + 1/3s
(205 + 1)(10s + 1)(0.55 + 1)

Rearranging this into the standard form, K N/D, gives

K(s — z1)(s — z2)
s(s = p1)(s — p2)(s — p3)

G =K

where K = K./150

71 = =0.5
22 = -1

p1 = —=0.05
p2 = —0.1
p3 = -2

1

(20s+1) (10s+1) [ ©
1
TS FIGURE 15-6

Block diagram for Example 15.2.
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| J
|
[
I\ 12
I
|
I
|
I
| Al
I
I
|
s > e OOt — }
-2 -1 —051 0.5
|
|
|
Asymptote —={
| #-1
| /'1
FIGURE 15-7 /‘

Root-locus diagram for Example 15.2. f

In this case, there are four poles at 0, —0.05, —0.1, and —2 and two zeros at
—0.5 and —1. These are plotted in Fig. 15.7. Note that the three-action controller
contributes the pole at the origin and the zeros, —0.5 and —1. The steps for plotting

the root-locus diagram are as follows:

1. Since there are four poles, there are four branches emerging from them.

2. Three portions of the root locus are on the real axis between 0 and —0.05,
between —0.10 and —0.5, and between —1 and —2.

3. Since n — m = 2, there are two asymptotes, and the center of gravity is

—0.05-0.1—-2)— (0.5 — 1.0)
y=( 2) (=0.5=1.0) _ _/ 20

The angles that the asymptotes make with the real axis are *+r/2. These asymptotes

are shown in Fig. 15.7.

At this stage, we can sketch part of the root-locus diagram. Since the loct®
is on the real axis between —0.1 and —0.5 and between —1 and —2, it should
be evident that one branch moves from the pole at —2 to the zero at —1 and
other branch moves from the pole at —0.1 to the zero at —0.5. The remaining "’
branches move from the poles at 0 and —0.05 toward each other along the real abe
until they meet, at which point they must break away from the real axis and m?,\:
in some way toward the vertical asymptotes that intersect the real axis at —U.27

e
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rROOT Locus 193

with the information now available, it is difficult to continue the sketch with confi-
dence, for the breakaway point is so close to the origin that there is some likelihood
that the loci will move into the right half plane before approaching the asymptote. If
this should occur, each locus would have to cross the imaginary axis twice, in which
case there would be an intermediate range of K over which the system is unstable.
On either end of this range of K, the system is stable. This condition is called
conditional stability. The possibility of the locus crossing the imaginary axis twice
is suggested by the analog from potential theory that was mentioned earlier. This
can be explained as follows: immediately after the locus leaves the real axis at the
breakaway point, it has a tendency to move to the right half plane because the pole
at —0.1 “repels” the locus. However, after the locus moves to a point sufficiently
far from this repelling pole, it is attracted more strongly by the two zeros at —0.5
and —1 and has the tendency to return to the left half plane where we know it must
eventually approach the vertical asymptote. Actually to determine whether or not
the locus moves into the right half plane requires that the points at which the loci
cross the imaginary axis be determined. This can be done by use of the Routh test
as illustrated in Example 15.1. The details of the calculation will not be given here;
however, the reader can show that there are two values of gain K which give a pair
of roots of the characteristic equation that lie on the imaginary axis. These gains
and corresponding roots are approximately

K = 0.004 or K.

0.6 s

+ 0.1
K

2.4 or K. = 360 s

+j1.1

From these results, we conclude that the system will oscillate with constant amplitude
with a frequency @ = 0.1 rad/time when K. = 0.6; it will also oscillate at constant
amplitude with @ = 1.1 when K, = 360. The system is unstable for 0.6 < K. <
360. The system is stable for K. < 0.6 and for K > 360. The complete root-locus
diagram is sketched in Fig. 15.7.

SUMMARY

In this chapter, the rules for plotting root-locus diagrams have been presented
and applied to several control systems. It should be emphasized that the basic
dvantage of this method is the speed and ease with which a rough sketch of the
O¢lcan be obtained. This sketch frequently gives much of the desired information
o0 stability. A few further calculations of points on the locus are usually all that
dre fecessary to obtain accurate, quantitative behavior of the roots.
" The root locus for variation of parameters other than K, such as 7, hz}s
¢en discussed here. The method of constructing this type of diagram 1s

?‘glgg)r to that presented here and is discussed in detail in other texts [see Wilts
.

Once the roots are available, the response of the system to any forcing

Unct 1 B i inversion
g €tion can be obtained by the usual procedures of partial fractions and inversi
ven n Chap. 3.
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